Abstract. This paper focuses on the problem of prescribing mean curvature on the unit ball. Assume that f , which is allowed to change sign, satisfies Morse index counting condition or certain kind of symmetry condition. By using a negative gradient flow method, we then prove that f can be realized as the boundary mean curvature of some conformal metric.
introduction
In this paper, we consider the prescribing boundary mean curvature problem on the n + 1-dimensional unit ball with n 2. Such a problem is a natural analogue of the problem of prescribing scalar curvature on the sphere and it can be stated as follows. Let (B n+1 , g e ) be the n + 1-dimensional unit ball with the Euclidean metric g e . Assume that f is a smooth function on the boundary ∂B n+1 = S n . Then, one may ask if there exists a scalar-flat metric g point-wisely conformally related to g e , i.e., g = u 4/(n−1) g e for some positive and smooth function u, such that f can be realized as the mean curvature of g. It is well known that this geometric problem is equivalent to finding a positive solution of the boundary value problem For the prescribed function f possesses some kind of symmetry, Ho [8] proved a similar result as Leung & Zhou did in [9] . Before stating his result, let us describe two types of symmetries (Sym1) A mirror reflection upon a hyperplane H ⊂ R n+1 passing through the origin. As the situation is invariant under a rotation, we assume that H is perpendicular to the x 1 -axis. In this way, a mirror reflection σ : S n → S n is given by σ(x 1 , x 2 , . . . , x n+1 ) = (−x 1 , x 2 , . . . , x n+1 ), for (x 1 , x 2 , . . . , x n+1 ) ∈ S n . As a result, Σ = {(0, x 2 , . . . , x n+1 ) ∈ S n } = H ∩ S n is the fixed point set. (Sym2) A rotation of angle θ/k with axis being a straight line in R n+1 passing trough the origin and k > 1 being an integer. We may assume that the straight line is the x n+1 -axis. In this case Σ = {N, S} is the fixed point set, where N is the north pole and S is the south pole. Now, Ho's result can be stated as In this paper, inspired by the results in [14] , we aim to extend the Theorems 1.1 and 1.2 to the case that the prescribed function f is allowed to change sign. Our first result reads One will see that, later, the index counting condition (1.5) below is, indeed, a special case of the Morse index condition (1.3). Hence, we have the following corollary Corollary 1.4. Suppose f (x) is a smooth Morse function on S n satisfying the following conditions: (i) S n f dµ S n > 0; (ii) (max S n | f |) − S n f dµ S n < 2 1/n ; (iii) |∇ f | 2 g S n + (∆ S n f ) 2 0; (iv) For the case that the prescribed function f possesses some kind of symmetry, we first consider a little more general situation. To do so, let us set up some notations first. We let G be a subgroup of isometry group of S n . Then, a function f is
, for ∀θ ∈ G and ∀x ∈ S n .
In addition, we define Σ to be the fixed point set under the group G as follow
our third result reads
If there holds either 
Moreover, suppose that f is invariant under the symmetry (Sym1) or (Sym2). If there exists a point y
The paper is organized as follows: In §2, we describe the evolution equations and derive some elementary estimates; In §3, we focus ourself on the global existence of our evolutio equations; In §4, we try to perform the blow-up analysis and describe th asymptotic behavior of the flow in the case of divergence; In the final section §5, we will prove the main results.
The flow equation and some elementary estimates
We consider, as in Xu & Zhang [13] , the conformal mean curvature flow as follows. Let g(t) be a family of time-dependent metrics on the unit ball B n+1 conformal to g e . For simplicity, we denote by, respectively, R(t) and H(t) the scalar curvature and boundary mean curvature of the metric g(t). Then, the evolution equation reads as
where λ(t) is to be determined later and g 0 is the initial metric conformal to g e . We would like to point out that such evolution equation as above was firstly considered by Brendle [3] where the prescribed function f is constant. Now, by substituting g(t) = u(t) 4/(n−1) g e and g 0 = u 4/(n−1) 0 g e into (2.1), we can obtain the evolution equation for the conformal factor u(t)
where H(t) can be written, in terms of u, as
3)
The terms ∆ e and ∂/∂η e above means, respectively, the Laplace-Beltrami operator and the outer normal derivative of the metric g E . It is well known that the prescribed mean curvature problem has the associated energy functional given by
where E[u] can be expressed as
Here, ω n and dµ S n are, respectively, the volume and volume form of the unit nsphere. Moreover, we make a convention here that the sign '− S n ' means 1 ω n S n from now on. Observe that, if ∆ e u = 0, then we have, by the divergence theorem and (2.3), that
Hence, E[u] is nothing but the average of the mean curvature H if the metric g is scalar-flat. For the sake of convenience, we choose the factor λ(t) in such a way that the boundary volume of B n+1 w.r.t. the metric g is preserved during the evolution, that is,
Thus, the choice of λ(t) would be
where we have used (2.5) in the calculation.
To end this section, we collect some useful formulae which have appeared in [13] . We will omit their detailed derivation.
Lemma 2.1. (i) The mean curvature satisfies the evolution equation
on S n . Here, the function λ f − H is extended to the interior of B n+1 such that
(ii) Let u be any positive smooth solution of the flow (2.2) . Then one has
In particular, the energy functional E f [u] is decay along the flow.
Global existence of the flow
In this section, we will show that our flow is globally well-defined. To achieve this purpose, the critical step is to show that positive property of the quantity S n f u 2 # dµ S n will be preserved along the flow if we, initially, have S n f u 2 # 0 dµ S n > 0. Proof. Since S n f u 2 # 0 dµ S n > 0, it is easy to see, by the definition of E f [u] , that E f [u 0 ] > 0. From the sharp trace Sobolev inequality and the boundary volumepreserving property of our flow that
On the other hand, it follows from Lemma (2.1) (ii) that
Combining the two inequalities above gives
With help of (3.2), we can, immediately, obtain the boundedness of λ(t). 
Proof. In view of (2.6) and (2.4), we may rewrite λ(t) as
Now, by using (3.2) and the decay property of E f [u], we get
On the other hand, the boundary volume-preserving property and (3.1) yields
To continue, we set
Then we conclude that λ ′ (t) is bounded by F 2 (t).
Lemma 3.3. Let u be a smooth solution of the flow (2.2). Then there holds
In particular,
where C > 0 is a universal constant.
Proof. The proof of (3.3) follows from a direct computation. As for (3.4), it follows from the Hölder's inequality, Lemma 3.2 and (3.2).
To bound λ ′ (t), in view of the lemma above, it suffices to bound the quantity F 2 (t).
Lemma 3.4. One can find a universal constant C 0 such that
Proof. From (2.7) and (2.2), it follows that
Using the sharp Sobolev trace inequality, (3.4) and Hölder's inequality, we obtain
From Lemma 2.1 (ii) and the fact that
Hence, by integrating (3.5) from 0 to t with t > 0, we can get
It is easy to see by the definition of α(t) that
Combining (3.6) and (3.7) yields the conclusion.
Up to here, Lemma 3.4 and (3.4) immediately imply the corollary Corollary 3.5. There exists a universal constant Λ 0 > 0 such that
for all t 0. Now, with the help of the boundedness of λ ′ (t), we are able to show the mean curvature H is uniformly bounded. Before doing so, we define
A simple calculation and our choice of γ gives
Moreover, it is easy to see that λ f − γ ≥ 0 and (λ f − H + γ)(0) ≤ 0 due to our choice. Hence, we can apply the maximum principle to operator L to obtain λ f − H + γ ≤ 0, which proves the assertion. Now, with the help of Lemmas 3.1, 3.2 and 3.6, the proof of the global existence of the flow (2.2) will be exactly the same as that in [13] . We thus omit the detail. Before we state this result, let us define
If the initial data u 0 ∈ X * , then the flow (2.2) has a unique smooth solution which is well defined on [0, +∞).
Blow-up analysis
From this section onward, we dealt with the convergence of the flow (2.2). To realize this goal, one has to bound the conformal factor u uniformly. However, one, in general, can not obtain this uniform bound directly. Instead, we assume the contrary, that is, the flow (2.2) is divergent. In this way, one can expect that the blow-up phenomenon will appear and the blow-up analysis has to come into play.
As an initial step, we notice the following L p convergence which is one of the key ingredients.
Proof. The proof is the same as [13, Lemma 3.2]. We omit it here.
4.1. Compactness-Concentration. To derive the asymptotic behavior of the flow (2.2) in the case of divergence, the following compactness-concentration theorem in [13] serves good for our purpose. One can find its proof in [13, Lemma 4.1]. We remark that such a compactness-concentration theorem is an analogue of that by Schwetlick & Struwe [11] . Before we state the theorem, let us set some notations.
, g e ), k ∈ N, be a sequence of conformal metrics on B n+1 with R g k ≡ 0 and vol(S n , g k ) = ω n . Assume that the associated boundary mean curvature H g k satisfies
for all k and some p > n. Then, either
there exists a subsequence of (u k ) k and finitely many points x 1 , . . . , x L ∈ S n such that for any r > 0 and any l ∈ {1, . . . , L} there holds
To go further, let us define the so-called normalized metric and function. It is well known that for every smoothly varying family of metrics g(t) = u(t) 4/(n−1) g e , there exists a family of conformal transformations φ(t) : (B n+1 , S n ) → (B n+1 , S n ) which taken S n into itself such that
where h = φ * g and x = (x 1 , x 2 , . . . , x n+1 ). Here the pull-back metric h is called the normalized metric such that the scalar curvature R h ≡ 0 in B n+1 and the boundary mean curvature is given by
which satisfies the equation
Since we only focus ourselves on the boundary most of time, it will be helpful to specify the formula of the conformal transformation restricted on the boundary. As a matter of fact, it is well-known that their restriction on the boundary can be written as
where π : S n \{0, 0, . . . , 0, −1} → R n is the stereographic projection from the south pole to n-plane, δ q,r (z) = q + rz for q ∈ R n , r > 0 and z ∈ R n . In consequence, we always use ϕ as the conformal transformation without specific explanation. By following the idea in [10] , for t 0 0 fixed and t 0 close to t 0 , we let
Then
where ψ = π −1 and ψ q,r = ψ • δ q,r . This implies that at t = t 0 , δ q(t 0 ),r(t 0 ) (z) = z. Hence, q(t 0 ) = 0, r(t 0 ) = 1. It is equivalent to saying that we make a translation and a dilation such that q(t 0 ) = 0, r(t 0 ) = 1 at each fixed t 0 . Now, given t 0 0, we consider a rotation mapping some p = p(t 0 ) ∈ S n into the north pole N = (0, 0, . . . , 1). Then ϕ(t 0 ) can be expressed as ϕ(t 0 ) = ψ ε • π for some ε = ε(t 0 ) > 0, where ψ ε (z) = ψ(εz) = ψ 0,ε (z) by the notation above. Hence, in stereographic coordinates, ϕ(t) := ϕ p(t),ε(t) is given by
So, our proceeding calculations, involving any transformation, are always at each fixed time t 0 . In this way, the conformal transformation ϕ has the expression:
Now, we can obtain a considerably sharpen version of the previous result if we make some additional assumptions on the associated mean curvature H k . We should point out that the proof of the following theorem is inspired by Struwe [12] . for some positive number τ, such that
for some p > n. In addition, suppose that there exists some constant C * such that
g e be the associated sequence of normalized metrics satisfying (4.3) . Here φ k is the conformal transformation on the unit ball and its restriction on the boundary are given by ϕ k = φ k | S n = ϕ p k ,ε k with p k = p(t k ) and ε k = ε(t k ). Then, up to a subsequence, either 
Here 0 < α < 1 − n/p.
Proof. In order to apply Theorem 4.2, we need to verify (a) S n H k dµ g k is bounded, and
. To see this, from (4.6) and (4.7) it follows that
and
C. 
and strongly in C α (S n ) for 0 < α < 1 − n p as k → +∞. In addition, by Sobolev embedding theory, we conclude that
Then P is bounded. From the fact that u k > 0 and (4.8), it follows that
Since ∆ g e u k = 0 and vol(S n , g k ) = ω n , we may apply [13, Theorem 7.2] to obtain that u k C −1 . Now, it follows from the assumption
By standard elliptic regularity and boostrapping, we conclude that u ∞ is smooth since H ∞ is smooth. Moreover, we have C −1 u ∞ C and from a n (
4/(n−1) ∞ g e . Then the metric g ∞ has mean curvature H ∞ .
(ii) If the second case of Theorem 4.2 occurs, we then prove that this leads to the concentration behavior as described in the Theorem 4.3. The proof will be divided into several claims. Claim 1: There exists only one concentration point in the sense of (4.2).
Proof of Claim 1: By (4.6) and the fact that vol(S n , g k ) = ω n , we can estimate
This together with (4.7) implies that lim inf 
which implies that m < 2 and thus contradicts with m 2. This shows that m = 1, i.e. concentration point is unique. 
C. Proof of Claim 2:
For the normalized sequence ( k ) k , we note that 
which implies that
Since vol(S n , h k ) = ω n , we get
From (4.13), it follows that
Notice that τ < 2 1/n . This implies that 2τ −n − 1 > 0. Now, by choosing r = (2τ −n − 1)/2 and k large enough, we then have
However, this contradicts with the fact that h k satisfies (4.3). Such a contradiction shows that case (i) in Theorem 4.2 will happen to (h k ) k , that is, k is uniformly bounded in W 1,p (S n , g S n ) for p > n. By Sobolev embedding theory, we conclude that there exists a positive constant C such that
Then by using the facts that k > 0 and C * H k • φ k , we follow the same proof as before to get ∆ g e k = 0, in B n+1 , a n ∂ k ∂η e + P k 0, on S n .
From [13, Theorem 7.2] and the fact that
S n 2 # k dµ S n = ω n , it follows that k C −1 . Claim 3: k → 1 in C α (S n ) with 0 < α < 1 − n/p.
Proof of Claim 3:
Since k is bounded in W 1,p (S n , g S n ) by the proof of Claim 2, it follows from the Sobolev embedding theory that there exists a function ∞ ∈ W 1,p (S n , g S n ) such that, up to a subsequence, k → ∞ weakly in W 1,p (S n , g S n ) and strongly in C α (S n ) with 0 < α < 1 − n/p.
Since (p k ) k ⊂ S n , we may assume that p k → Q * for some Q * ∈ S n . Up to here, we claim that the parameter ε k in the conform transformation ϕ k satisfies ε k → 0 as k → +∞. If not, we may assume that ε k → ε 0 > 0, then ϕ k → ϕ Q * ,ε 0 and thus det(dϕ k ) → det(dϕ Q * ,ε 0 ) which is bounded away from zero. From this fact, the assertion of Claim 2 and (4.4), it follows that u k is bounded from both below and above by a positive constant. Now, in view of the equation
we can get that u k is uniformly bounded in W 1,p (S n , g S n ), which contradicts with our assumption. Hence, we have ε k → 0. By the definition of ϕ k , we conclude that ϕ k → Q * for x ∈ S n \{−Q * }. This fact together with (4.7), Claim 2 and the dominated convergence theorem implies that
as k → +∞. This implies that ∞ weakly solves
Since we have S n x 2 # k dµ S n =0 and S n 2 # k dµ S n = ω n , ∞ will satisfy S n x 2 # ∞ dµ S n =0 and S n 2 # ∞ dµ S n = ω n . It follows, by the Escobar's uniqueness theorem, that ∞ must be a constant and hence ∞ ≡ 1. Moreover, plugging ∞ ≡ 1 into the equation above yields H ∞ (Q * ) = 1. Finally, substituting H ∞ (Q * ) = 1 into (4.14) gives
(4.15)
Claim 4: There exists a unique point Q ∈ S n such that dµ g k → ω n δ Q weakly in the sense of measure as k → +∞.
Proof of Claim 4:
It follows from (4.15), Claim 1 and (4.2) that there exists a unique point Q ∈ S n such that, for k large enough and any r > 0, there holds
Hence, dµ k → ω n δ Q , weakly in the sense of measure as k → +∞.
Proof of Claim 5:
In view of the proof of Claim 3, it suffices to show that Q * = Q. Indeed, on one hand, from Claim 4 it follows that
On the other hand, it follows from the fact that k is uniformly bounded and the dominated convergence theorem that
as k → +∞. Notice that, by the change of variables, one has
Now, it is easy to see that Q * = Q.
4.2.
Blow-up analysis. The principal goal of this subsection is to describe the sequential asymptotic behavior of the flow (2.2). Firstly, let us recall that f satisfies max S n | f |/(− S n f dµ S n ) < 2 1/n . Hence, we can choose
and set
With all notations above settled, we finally define the set
Then for any u 0 ∈ X f , it follows from Proposition 3.7 that the flow (2.2) has a unique smooth solution u(t) well defined on [0, +∞). For an arbitrary time sequence (t k ) k ⊂ [0, +∞) with t k → +∞ as k → +∞, we set
In order to apply Theorem 4.3 to our flow, we have to verify all conditions in that theorem are satisfied. 
Proof. (i) from the choice of the initial data u 0 and the volume-preserving property of the flow (2.2), it follows that vol(S n , g k ) = ω n . Moreover, the flow equation (2.1) shows that R k ≡ 0.
(ii) By Lemma 3.2, we may assume that, up to a subsequence, λ(t k ) → λ ∞ as k → +∞, where λ ∞ ∈ [λ 1 , λ 2 ]. Now, by the definition of λ 2 and the choices of initial data u 0 and β, we can estimate
By setting τ = (1 + σ) max S n | f |/− S n f dµ S n , we obtain λ ∞ | f | τ < 2 1/n . Moreover, from Proposition 4.1, it follows that
for some p > n. By setting H ∞ = λ ∞ f , we thus complete the proof of (i).
(ii) By Lemma 3.6, we have 
4.3. Asymptotic behavior of the flow. In view of Corollary 4.6, to prove our theorems, it suffices to prove that there exists a time sequence (t k ) k such that case (i) occurs to the corresponding metrics (g k ) k . However, this assertion is generally hard to be obtained directly. Here, we adopt the contradiction argument. So, we assume that f can not be realized as a mean curvature of any conformal metric. In other words, the flow will be divergent and then case (ii) happens to the metrics (g k ) k for arbitrary time sequence (t k ) k . In this scenario, we can pass the sequential behavior to the uniform one of the flow (2.2). For t 0, let Proof. For an arbitrary time sequence (t k ) k ⊂ [0, +∞) with t k → +∞ as k → +∞, we can apply Corollary 4.6 to the sequential metrics (g(t k )) k to get that dµ g k → ω n δ Q as k → +∞. Hence S (t k ) → Q as k → +∞. By the arbitrariness of the sequence (t k ) k , we thus conclude that S (t) → Q as t → +∞.
In view of this lemma, we may assume that S (t) 0 for all t 0. Then the image of S (t) under radial projection
is well defined for all t 0. 
, and
Proof. (i) Assume that ||u(t)|| C 0 (S n ) C for some positive number C and all t 0. Observe that
Hence, by Lemma 3.2 and Proposition 4.1, it is easy to see that u(t) is uniformly bounded in W 1,p (S n , g S n ). Then by Corollary 4.6, we can obtain that, up to a constant, f can be realized as a mean curvature of some conformal metric. But this contradicts with our assumption.
(ii) By way of contradiction, we assume that there exists a time sequence t k → +∞ such that lim inf
But then, by Corollary 4.6, a subsequence u k → u ∞ with g ∞ = u 4/(n−1) ∞ g e . The metric g ∞ , up to a constant, has the mean curvature f , contrary to our assumption.
(iii) It follows from Lemma 4.7 and the definition of Q(t) that Q(t) → Q. This together with the fact that − S n H h dµ h → 1, and Proposition 4.1 implies that
On one hand, − S n H(t) dµ g(t) → 1; On the other hand,
Hence, the assertion holds.
(v) Since the proof is exactly the same as that in [13, Proposition 5.7] , we omit the details. Recall the notations in subsection 4.2, for p ∈ S n , 0 < ε < +∞, if we put the point p at the origin in stereographic coordinates, then the restriction of conformal transform φ on the boundary S n is given by ϕ p,ε = ψ ε • π.
Now, for ρ ∈ R + , we denote the sub-level set of E f by
It follows from Proposition 4.8 that the concentration phenomenon can only occur at the critical points of f where it takes positive values. For convenience, we label all these critical points p 1 , . . . ,
We may assume, w.l.o.g., that all positive critical levels f
for all i. Now, we are ready to characterize the homotopy on L ρ . We remark here that the contraction mapping given by Xu & Zhang [13] does not work anymore. We need a new construction for such a mapping. In view of the proof of [13, Lemma 6.2], T can be chosen continuously depending on the initial data u 0 . So, ζ is continuously depending on u 0 too. Define By choosing T > 0 even larger , we thus complete the proof of claim. Therefore, we can conclude by the claim that u s ∈ L β 0 for all 0 s 1. Moreover, by the definition of u s , it is easy to see that u s = u 0 ∈ L β 0 for s = 0 and u s ≡ 1 for s = 1. Hence, u s induces a contraction within L β 0 and we complete the proof of (i).
Recall that f (p i ) > 0 at each critical point p i , we have that f (x) > 0 in a small neighborhood of p i . Since the proof of (ii), (iii) and (iv) only requires the local information around each critical point p i , it would have no difference from the case that f is strictly positive. Hence, one can follow the exact same proof as that in [13, Proposition 6 .1], we omit the details. 4) . By equating the coefficients in the polynomials on the left and right hand side of (5.6), we obtain a set of non-trivial solutions of (1.3), which violates the hypothesis in Theorem. We thus obtain the desired contradiction and the proof of Theorem 1.3 is completed. Furthermore, by setting s = −1 in (5.6) we can obtain (1.5) and thus the assertion in Corollary 1.4 holds. Since we have assumed that case (ii) in Theorem 4.2 occurs to the corresponding sequential metrics (g(t k )) k , the blow-up behavior of (g(t k )) k in Proposition 4.6 will happen. In particular, it follows from Proposition 4.6 that
where r > 0 is arbitrary and Q, depending on the choice of u 0 , is the unique
